PERIODIC ORBITS OF HAMILTONIAN SYSTEMS LINEAR 
AND HYPERBOLIC AT INFINITY 



BA§AK Z. GUREL 



Abstract. We consider Hamiltonian diffcomorphisms of the Euclidean space, 
generated by compactly supported time-dependent perturbations of hyperbolic 
quadratic forms. We prove that, under some natural assumptions, such a dif- 
fcomorphism must have simple periodic orbits of arbitrarily large period when 
it has fixed points which are not necessary from a homological perspective. 
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1. Introduction and main results 

1.1. Introduction. In this paper, we consider time-dependent Hamiltonians H 
on R 2 ™ which coincide, outside a compact set, with a hyperbolic quadratic form. 
We prove that, under some additional conditions, the Hamiltonian diffcomorphism 
tfH must have simple periodic orbits of arbitrarily large (prime) period when it 
has certain "homologically unnecessary" fixed points. In particular, ipu then has 
infinitely many periodic orbits. To be more precise, this result holds provided that 
tpu has at least one non-degenerate (or even homologically non-trivial) fixed point 
with non-zero mean index, and the quadratic form has only real eigenvalues. (See 
Remark 3.3 for the case of complex eigenvalues.) 
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Our main motivation for studying this question comes from a variant of the 
Conley conjecture, applicable to manifolds for which the standard Conley conjecture 
fails. Recall in this connection that the latter asserts the existence of infinitely 
many periodic orbits for every Hamiltonian diffcomorphism of a closed symplcctic 
manifold. This is the case for manifolds with spherically-vanishing first Chcrn class 
(of the tangent bundle) and also for negative monotone manifolds; see [CGG, GG1, 
He] and also [FH, Gi2, GG4, Hi, LcC, SZ]. However, the Conley conjecture, as 
stated, fails for some simple manifolds such as S 2 : an irrational rotation of S 2 
about the z-axis has only two periodic orbits, which are also the fixed points; these 
are the poles. In fact, any manifold that admits a Hamiltonian torus action with 
isolated fixed points also admits a Hamiltonian diffcomorphism with finitely many 
periodic orbits. In particular, CP ra , the Grassmannians, and, more generally, most 
of the coadjoint orbits of compact Lie groups as well as symplectic toric manifolds 
all admit Hamiltonian diffcomorphisms with finitely many periodic orbits. 

A viable alternative to the Conley conjecture for such manifolds is the conjecture 
that a Hamiltonian diffcomorphism with "more than necessary" non-degenerate (or 
just homologically non-trivial) fixed points has infinitely many periodic orbits. Here 
"more than necessary" is usually interpreted as a lower bound arising from some 
version of the Arnold conjecture. For CP™, the expected threshold is n + 1. This 
conjecture is inspired by a celebrated theorem of Franks stating that a Hamiltonian 
diffcomorphism (or, even, an area preserving homeomorphism) of S 2 with at least 
three fixed points must have infinitely many periodic orbits, [Frl, Fr2]; see also 
[FH, LcC] for further refinements and [BH, CKRTZ, Kc] for symplectic topological 
proofs. We will refer to this analogue of the Conley conjecture as the HZ-conjecture, 
for, to the best of our knowledge, the first written account of the assertion is in 
[HZ, p. 263]. 

We find it useful to view the HZ-conjecture in a broader context. Namely, it 
appears that the presence of a fixed point that is unnecessary from a homological 
or geometrical perspective is already sufficient to force the existence of infinitely 
many periodic orbits. For instance, a theorem from [GG5] asserts that, for a cer- 
tain class of closed monotone symplectic manifolds including CP™, any Hamiltonian 
diffcomorphism with a hyperbolic fixed point must necessarily have infinitely many 
periodic orbits. (Note that the original HZ-conjecture, at least for non-degenerate 
Hamiltonian diffcomorphisms of CP™, would follow if one could replace a hyperbolic 
fixed point with a non-elliptic one in this theorem.) Furthermore, there are obvious 
analogues of the HZ-conjecture for symplectomorphisms or non-contractible peri- 
odic orbits of Hamiltonian diffcomorphisms. These analogues are also of interest 
and in some instances more accessible than the original HZ-conjecture; see, e.g., 
[GG2, GG5]. 

The generalized HZ-conjecture is also the central theme of this paper, although 
here we focus on a different aspect of the problem. Our main result, Theorem 1.1, 
can be viewed as a "local version" of this conjecture, and it holds in all dimen- 
sions. Namely, we prove a variant of the HZ-conjecture for Hamiltonians on R 2 ™ 
which are compactly supported perturbations of certain quadratic forms. Working 
with M 2 ™ allows us to circumvent a number of symplectic topological obstacles to 
proving the HZ-conjecture and concentrate on what we interpret as the dynami- 
cal part of the problem, still quite non-trivial. This is a key difference, technical 
and conceptual, between the present work and the approach taken in [GG5] where 
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symplectic topology of the ambient manifold plays a central role. We use Floor 
theoretical techniques in the proofs. Deferring a more detailed discussion of our 
method to Section 1.2, we merely mention at this point that, for technical reasons, 
the quadratic form needs to be hyperbolic. Finally, it should also be noted that 
Hamiltonian systems on R 2n with a controlled (e.g., asymptotically linear) behavior 
at infinity have been extensively studied in the context of Hamiltonian mechanics 
by classical variational methods; see, e.g., [AZ, An, MW, Ra, ZL, Zo] and references 
therein. However, to the best of our knowledge, there is no overlap between that 
approach and the present work, including the results. 

1.2. Main results. To state the main results of the paper, recall that the mean 
index Ajj(x) G K of a periodic orbit x of the Hamiltonian flow of H measures, 
roughly speaking, the total angle swept by certain eigenvalues with absolute value 
one of the linearized flow dtp^ along x; sec [Lo, SZ] and also [EP, Section 3.3] and 
references therein for a more detailed discussion. For instance, the mean index is 
zero when d(p H has no eigenvalues on the unit circle for any t, and hence the orbit 
is hyperbolic. Finally, denote by Fix((/?#) the collection of fixed points of tp H . 

Theorem 1.1. Let H : M. 2n x S 1 — > K be a Hamiltonian which is equal to a hy- 
perbolic quadratic form Q at infinity, i.e., outside a compact set, and such that Q 
has only real eigenvalues. Assume that tpn has a non- degenerate fixed point with 
non-zero mean index and F\x(ipu) * s finite. Then ipjj has simple periodic orbits of 
arbitrarily large period. 

As a consequence, <ph has infinitely many simple periodic orbits regardless of 
whether Fix(<£>#) is finite or not. In fact, the non-degeneracy condition in Theorem 
1.1 can be relaxed and replaced by a much weaker, albeit more technical, condition 
that the point is isolated and homologically non-trivial, i.e., its local Flocr homology 
is non-zero. This is Theorem 4.1. 

Remark 1.2. This theorem and Theorem 1.4 below as well as their generalizations 
discussed in Section 4, also hold when the quadratic form Q has complex eigenvalues 
A, provided that |Rc A| > |Im A|; see Remark 3.3. 

Remark 1.3. Viewing Theorem 1.1 from the perspective of the generalized HZ- 
conjecture, observe that the non-degenerate (or homologically non-trivial) fixed 
point with non-zero mean index is the "unnecessary" point. Furthermore, presence 
of one such point x implies the existence of at least two other (homologically non- 
trivial) orbits. Indeed, the Floer homology for all iterations of H is concentrated in 
degree zero (see Section 3.1), and once k is so large that the index of the iterated 
orbit x k is outside the range [—n, n], another orbit must take over generating the 
homology. Furthermore, there should be at least one more periodic orbit to cancel 
out the contribution of x k to the homology in higher degrees. 

Hypothctically, results similar to Theorem 1.1 and other theorems discussed in 
this section hold when a hyperbolic quadratic form is replaced by any quadratic 
form Q without non-trivial periodic orbits. For instance, in this case, one can 
expect to have infinitely many periodic orbits whenever ipu has a non-degenerate 
fixed point with mean index different from Aq(0) or has at least two non-degenerate 
fixed points; cf. Remark 4.4. (The latter conjecture, which was the starting point 
of this work, is due to Alberto Abbondandolo.) 
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As has been pointed out above, the proof of Theorem 1.1 is based on Floer 
theory. However, for a general quadratic form Q, even when the Floer homology 
exists, continuation maps fail to have the desired properties and the homology is 
not invariant under iterations. This is the case, for instance, for positive or negative 
definite Q (see Remark 3.5) and the main reason why we restrict our attention to 
hyperbolic quadratic forms. Now, however, the foundational aspects of the theory 
have to be reexamined. We do this in Section 3, using, as one could expect, a 
version of the maximum principle. 

The condition that the fixed point is non-degenerate (and that it has non-zero 
mean index) is essential in Theorem 1.1. For instance, starting with the flow of 
Q(x,y) = xy on IR 2 , it is easy to introduce degenerate (homologically trivial) fixed 
points by slightly perturbing the flow away from the saddle. This way one can 
create an arbitrarily large number of fixed points without generating infinitely many 
periodic orbits. (A similar argument may also work for CP™ with n > 1, but not 
for S 2 .) In fact, some form of non-degeneracy (e.g., homological non-triviality) is 
probably essential in the HZ-conjccture beyond the case of S 2 ; cf. [GG2, Example 
1.10]. 

In low dimensions, Theorem 1.1 combined with simple index analysis implies the 
HZ-conjecture in its original form for Hamiltonians in question. To state the result, 
recall first that ipn is said to be strongly non-degenerate if all iterations of tpn are 
non-degenerate . 

Theorem 1.4. Let H : R 2 ™ x .S 1 — s- R, with 2n = 2 or 4, be a Hamiltonian which 
is equal to a hyperbolic quadratic form Q at infinity such that Q has only real 
eigenvalues. Assume that tpu is strongly non- degenerate and has at least two fixed 
points, and Fix(y>#) is finite. Then tpn has simple periodic orbits of arbitrarily 
large period. 

Note that strong non-degeneracy is a C°°-generic condition in the class of Hamil- 
tonians under consideration. Let us also point out that, in contrast with many 
closed manifolds (see, e.g., [GG2]), the existence of infinitely many periodic orbits 
is obviously not a C°°- or even C 2 -generic property of Hamiltonians in Theorem 1.4: 
one has to have an extra periodic orbit which serves as a seed eventually "spawning 
an infinitude of off-springs" . 

In dimension two, the strong non-degeneracy requirement can be relaxed. It 
suffices to just assume that ipu has at least two isolated homologically non-trivial 
fixed points; sec Theorem 4.3. (Also, note that in this case the eigenvalues of a 
hyperbolic quadratic form are automatically real.) However, in dimension four, non- 
degeneracy enters the proof in a crucial way. Finally, note that the 2-dimcnsional 
case of Theorem 1.4 is intimately related to the Franks' theorem; see Remarks 4.4 
and 4.5. 

1.3. Organization of the paper. In Section 2, we set conventions and notation, 
and briefly recall some of the tools used in the paper and provide relevant references. 
We establish a version of the maximum principle and show that the Floer homology 
as well as the relevant continuation maps arc defined for the class of Hamiltonians 
in question in Section 3. Finally, in Section 4, we prove Theorems 1.1 and 1.4. 

1.4. Acknowledgements. The author is grateful to Alberto Abbondandolo, Vik- 
tor Ginzburg, Leonid Poltcrovich, and Cem Yalgm Yildirim for useful remarks and 
discussions. 
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2. Conventions and notation 

Throughout the paper, we will be working with the symplectic manifold (R 2 ™, uj), 
where w is the standard symplectic form. All Hamiltonians H considered here are 
assumed to be one-periodic in time, i.e., H : S 1 x R 2 " — > R, and we set H t = H(t, •) 
for t £ S 1 = K/Z. The Hamiltonian vector field Xjj of H is defined by ix H u = 
—dH. The (time-dependent) flow of Xh is denoted by tp H and its time-one map 
by ifH- Such time-one maps are referred to as Hamiltonian diffeomorphisms. The 
action of a one-periodic Hamiltonian H on a contractiblc loop 7: S 1 — s- R 2 ™ is 
defined by 

A H (j) = - Ju + J H t (j(t))dt, 

where z: D 2 — > M is such that z 1 5-1 = 7. The least action principle asserts that 
the critical points of Ah on the space of all maps 7: S 1 — > R 2n are exactly the 
one-periodic orbits of ip H . 

Let K and H be two one-periodic Hamiltonians. The "composition" K \H is 
defined by the formula 

{K\H) t = K t + H t o(^ K )-\ 

and the flow of K\\H is (p^ o Lp l H . We set H^ k = H\\...\\H (k times). Abusing 
terminology, we will refer to H^ k as the kth iteration of H. Clearly, H^ k = kH 
when H is autonomous. (Note that the flow f Htk = (^h)^ t S [0, 1], is homotopic 
with fixed end-points to the flow tp H , t £ [0, k}. Also, in general, H* k is not 
one-periodic, even when H is.) Furthermore, setting 

= / snp\F\dt (2.1) 

JS 1 B 

for a bounded set B C R 2n , we have \\H^ k \\ B = fe||-ff|| B . Note that ||F|| B is a 
variant of the Hofer norm. (When F is compactly supported on R 2n , we will also 
use the notation ||F|| R 2 re with the obvious meaning.) 

The fcth iteration of a one-periodic orbit 7 of H will be denoted by 7 . More 
specifically, "f k {t) = (p H tk (7(0)), where t £ [0, 1]. We can think of "f k as the k- 
periodic orbit 7(t), t £ [0, k], of H . Hence, there is an action-preserving one-to-one 
correspondence between one-periodic orbits of H^ k and fc-periodic orbits of H. 

The action spectrum S(H) of H is the set of critical values of Ah- This is a 
zero measure, closed (hence nowhere dense) set; see, e.g., [HZ]. Clearly, the action 
functional is homogeneous with respect to iteration: 

A H »{l k ) = kA H (l)- 

A periodic orbit 7 of H is said to be non- degenerate if the linearized return 
map dtpH '■ T" 7 (q)M — > T^rmM has no eigenvalues equal to one. A Hamiltonian is 
called non-degenerate if all its one-periodic orbits are non-degenerate and strongly 
non-degenerate if all fc-periodic orbits (for all k) are non-degenerate. 

Let 7 be a non-degenerate periodic orbit. The Conley-Zehnder index [i cz (H, 7) £ 
Z is defined, up to a sign, as in [Sa, SZ]. (When H is clear from the context we use 
the notation fi cz (j).) More specifically, in this paper, the Conley-Zehnder index is 
the negative of that in [Sa]. In other words, we normalize /x cz so that /Ucz(7) = n 
when 7 is a non-degenerate maximum of an autonomous Hamiltonian with small 
Hessian. Furthermore, recall that the mean index Ah(j) is defined regardless of 
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whether 7 is degenerate or not, and Ah (7) depends continuously on H and 7 in 
the obvious sense. When 7 is non-degenerate, we have 

0< \& B (l) - Haz(H,i)\ <n. 

Furthermore, the mean index is also homogeneous with respect to iteration: 

A H , k ( 1 k ) = kA H ( 1 ). 

3. Maximum principle and Floer homology 

Our goal in this section is to show that the Floer homology is defined and has 
the standard properties for the class of Hamiltonians in question. In our setting, 
essentially the only issue to deal with is the compactness of moduli spaces of Floor 
trajectories, which we establish by proving a version of the maximum principle. 

3.1. Floer homology. Let Q be a hyperbolic quadratic form on R 2n , i.e., Q is 
non-degenerate and the Hamiltonian vector field Xq has no eigenvalues on iR. 
Moreover, assume that all eigenvalues of Q are real. (Sec Remark 3.3 for a vari- 
ant of the maximum principle in the complex case.) In this section, we consider 
time-dependent Hamiltonians H : M. 2n x S 1 -> M which are compactly supported 
perturbations of Q, i.e., the Hamiltonians which coincide with Q outside a bounded 
open set B. (The quadratic form Q is fixed, but the set B is not.) We denote the 
class of such Hamiltonians by T-L Q . Let J be an almost complex structure compatible 
with uj. 

We are interested in solutions u(s, t) of the Floer equation 

d s u + Jd t u= -VH. (3.1) 

Here the gradient on the right is taken with respect to the one-periodic in time 
metric (■ , •) = , J-) on R, and (s,t) are the coordinates on R x S 1 . 
In this setting we have: 

Theorem 3.1. Assume that J is suitably adapted to Q outside B. Then any 
solution of the Floer equation (3.1) for the pair (H, J) that is asymptotic to periodic 
orbits of H in B is necessarily contained in B. 

Theorem 3.1 is an immediate consequence of the following proposition, which we 
will refer to as the maximum principle. 

Proposition 3.2 (Maximum Principle). Let Q be a hyperbolic quadratic form on 
(R 2n ,w) with only real eigenvalues, and let J be an almost complex structure com- 
patible with lu and suitably adapted to Q. Then for any solution u of the Floer 
equation (3.1) for (Q,J), the function p = ||w|| 2 /2 does not attain a maximum on 
any connected open subset C R x S 1 unless p is constant. 

Proof. We will prove that p is subharmonic on f2, i.e., Ap > 0, where the Laplacian 
is taken with respect to metric (• , •) = lo(- , J-). 

Equip R 2n with symplectic coordinates (p, q) such that 

Q(p,q) = (Ap,q) = (p,A T q), (3.2) 

where A is a non-degenerate upper triangular matrix for which the following prop- 
erty holds. When we express A as A = D + E, where D is a diagonal matrix and E 
is a strictly upper triangular matrix, we require E to be sufficiently small relative 
to D. (We will specify shortly how small E has to be, but let us note that this 
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can be achieved by a change of basis.) Observe that this determines the metric 
Hp|| 2 + ll<?l| 2 on an d the complex structure J such that Jd p = —d q . This is 
what we mean by "J is suitably adapted to Q" . 

In what follows, we calculate the Laplacian, where we set u(s, t) = (p, q) and use 
the Floor equation (3.1): 

A/7 = p ss + p U 

= \\u s \\ 2 + \\ut\l 2 - (u,d s VH) + (u, Jd t VH) 

= K!| 2 + |K|| 2 + ||Z}p|| 2 + ||£<j|| 2 (3.3) 

+ (E 2 p,p) + (E 2 q,q)+2(DEp,p)+2(DEq,q) 

+ (p, (E-E T ) q s )-(q, (E-E T )p s ). 

Next, we specify the requirements on E. To this end, let A := min|Ai|, where A^'s 
are the eigenvalues of A (or D). Then we have 

II^I^A^Ipll'andH^I^A 2 ^!! 2 . (3.4) 

Now, E is required to be so small that (i), (ii), and (hi) below hold: 

(i) \{E 2 p,p)\ <^lbf and K^^K^IMI 2 , 

(ii) \(DEp,p)\ < ^\\pf and \{DEq,q)\ < ^\\qf , 

(hi) \(p, (E - E T ) q s )\ < ^\\p\\\\q a \\ and (E - E T ) p s )\ < ^\\q\\\\p.\\. 
Using (3.4), and (i), (ii), and (hi), it is straightforward to turn (3.3) into 

Ap>^\\uf+\\u£ + ^\\uf-^\\u\\\\u s \\ 
A 2 ,, 1|2 /„ „ A 



> T 7 5 Nr+(IKII--^lklM 



> — ||u|| 2 > 0. 
- 1Q ii ii - 

□ 

Remark 3.3. It is easy to see that a similar maximum principle holds when the 
quadratic form Q has complex eigenvalues Ai, provided that |Rc Aj| > |Im A* j 
or equivalcntly Re A| > for all eigenvalues. However, in general, without this 
assumption (or when Q is elliptic, but not positive definite), there seems to be no 
reason to expect the maximum principle to hold. 

As a consequence of Theorem 3.1, the total and filtered Floer homology groups 
of H G T~L Q , denoted by HF(iJ) and HF (a ' 6) (iJ), respectively, arc defined and have 
properties similar to those for closed symplcctically aspherical manifolds; see, e.g, 
[HZ, MS]. (For the sake of simplicity all homology groups are taken over Z 2 .) 
Likewise, the local Floer homology HF(iJ, 7) of H at an isolated periodic orbit 7 is 
also defined and has the usual properties; see, e.g., [Fll, F12, Gi2, GG3]. (Here J 
is an almost complex structure compatible with u>, generic within B and, as above, 
adapted to Q at infinity.) 
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In order to define continuation maps induced by homotopies of Hamiltonians in 
Hq, we need to be more specific on the choice of the set B. Namely, assume that 
every integral curve of Q intersects B along a connected set and that all Floer and 
homotopy trajectories are contained in B. (The first requirement guarantees that 
all periodic orbits of H are contained in B.) For instance, we can take as B a 
sufficiently large ball with respect to a metric adapted to Q. Then, for any two 
Hamiltonians Hq and H\ in H Ql we have a continuation map 

#: HF (a ' b) (#o) -> HF (a ' b)+c (ff!), (3.6) 

induced by a homotopy H s in H Q with a common set B. Here (a, b) + C stands 
for (a + C, b+ C), and C = \\d s H s \\B with the norm defined as in (2.1); see [Gil]. 
In particular, HF(iJ) = HF(Q) = Z2, concentrated in degree fi cz (Q, 0) = 0. 

3.2. Continuation maps beyond H Q . Throughout this section, let B be a ball 
with respect to a metric adapted to Q. 

The class H Q is not closed under iterations. For instance, H^ 2 G H 2Q when 
H G Hq. To incorporate iterations into the picture, we consider a broader class Hq 
which is the union of the classes H kQ for all real k > 0. Clearly, this class is now 
closed under iterations and all kQ share the same collection of adapted complex 
structures. A homotopy H s from H Q to Hi in H Q is called slow if H s = k(s)Q 
outside B, where k(s) > 0, and, say, 

lfc'001 < ^ inf Mf, (3.7) 

20 zee 

where A = min|Ai| is as in Section 3.1; cf. [CFH]. Clearly, the right hand side 
in (3.7) is positive, and hence any homotopy in Hq with a common set B can be 
reparametrized to make it slow. 

Theorem 3.4. Let H s be a slow homotopy from Hq to H\ inH Q . The continuation 
map ^ as in (3.6) is defined, where again C = \\d s H s \\B- This map is independent 
of the slow homotopy. 

The continuation maps ^ have properties similar to their counterparts in the 
ordinary Flocr homology. For instance, the continuation map induced by a con- 
catenation of homotopies is equal to the composition of the continuation maps, and 
continuation maps commute with the maps in the long exact sequence in filtered 
Floer homology. (See [Gil] for a detailed account on the so-called C-bounded ho- 
motopies in filtered Floer homology.) Note, however, that here, as in (3.6), the 
adapted almost complex structure is supposed to be independent of s outside B. 

Proof. It suffices to show that the maximum principle extends to solutions of the 
Floer equation for slow homotopies Q s = k{s)Q connecting Q = k Q = Q^ k ° and 
Qi = kiQ = Q^ kl , where fco = k(0) and k\ = k(l). To this end, writing Q s as in 
(3.2), set A s = k(s)A. Let J be a complex structure adapted to Q. Calculating the 
Laplacian in this case, we see that (3.5) turns into 

Ap>^\\u\\ 2 -2(A' sPiq ) 

>^\\uf-2\k'(s)\\Q(u)\. 
Hence Ap > by (3.7). □ 
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Remark 3.5. The maximum principle is also known to hold for positive definite 
quadratic Hamiltonians; see [McD, Vi] and also [Se]. This fact underlies the defi- 
nition of symplectic homology and, in fact, it was the motivation of our approach 
in this paper. However, it is worth pointing out that in this case the continuation 
map between a Hamiltonian equal to kQ at infinity and the one equal to (fc + 1)Q 
at infinity is defined only in one direction and this map, depending on Q, may be 
zero. This is the main reason why our approach to the proof of Theorem 1.1 does 
not carry over to positive definite quadratic Hamiltonians. 

4. Proofs and generalizations 

4.1. Proof of Theorem 1.1. As has been mentioned in the introduction, we es- 
tablish a more general result. To state it, recall again that an isolated periodic orbit 
x is said to be homologically non-trivial if the local Floer homology of H at x is non- 
zero. For instance, a non-degenerate fixed point is homologically non-trivial. More 
generally, an isolated fixed point with non-vanishing topological index is homolog- 
ically non-trivial; for this index is equal, up to a sign, to the Euler characteristic 
of the local Floer homology. The notion of homological non-triviality seems to be 
particularly well-suited for use in the context of HZ- and Conley conjectures; see, 
e.g., Remark 1.3. Theorem 1.1 is an immediate consequence of the following result. 

Theorem 4.1. Let H : M. 2n x 5 1 —> R be a Hamiltonian which is equal to a hy- 
perbolic quadratic form Q at infinity, i.e., outside a compact set, and such that Q 
has only real eigenvalues. Assume that Lpu has an isolated homologically non-trivial 
fixed point with non-zero mean index and Fix(^ij) is finite. Then ipjj has simple 
periodic orbits of arbitrarily large period. 

Proof of Theorem J^.l. Let 5 be a set as in Section 3.2, for instance, it can be a 
sufficiently large ball with respect to a metric adapted to Q. Before we actually 
turn to the proof of the theorem, we need to state a few relevant facts. 

First, it will be essential for what follows to understand explicitly how H^ k 
depends on k. To this end, set 

B k = |J (Pq(B). 

te[-k, k] 

We claim that 

H* k = kQ + f k , where supp/ fe C [0, 1] x B k ^. (4.1) 

Moreover, for all m > 0, we have 

||/fe+m - Mk- < 2m\\Q\\ B + WUWb^ (4.2) 

with the norm defined as in (2.1). The important point here is that this upper 
bound is independent of k. 

To see that this is true, we first observe that 

fc-i fc-i 
H* k = kQ + Y J .fo (^ H )- L + (Q ° &h)~ 1 - Q) ■ 

1=0 1=0 

Noticing that (^)'(-B) C B h we conclude that (4.1) holds. The upper bound (4.2) 
is then a consequence of the fact that 

!|Qo(^)- ; -Q|| R2 „ < 2||Q|| B , 
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which follows from the energy conservation law for Q. 

It is worth mentioning again that the Hamiltonians H^ k are not one-periodic 
in time even when H is. This issue, however, is quite standard and can be dealt 
with in a straightforward way. Namely, consider a Hamiltonian G = Q + g, where 
g = gt is time-dependent for t G [0, 1]. The Hamiltonian diffcomorphism (pa can 
be generated by a one-periodic Hamiltonian 

G = Q + \'(t)g Mt) o^-\ 

where A: [0, 1] — > [0, 1] is an increasing function equal to zero for t ss and one for 
t « 1. We apply this procedure to H^ k . The actions, the Conley-Zehnder indices, 
and the mean indices of the periodic orbits do not change. The change of the set 
Bj. can be made arbitrarily small, of the order || 1 — A'(£)|| L i . As a consequence, the 
upper bound (4.2) can also be adjusted by an arbitrarily small amount independent 
of k. In what follows, we will treat the Hamiltonians H^ k as one-periodic in time, 
allowing for these straightforward modifications. 

Now we are in a position to proceed with the proof. It suffices to show that 
there exist arbitrarily large primes which occur as periods of simple periodic orbits. 
Arguing by contradiction, assume that only finitely many prime numbers are at- 
tained as the periods. From now on, we always denote by p or pi a prime number 
greater than the largest period. Then for any such prime p all p-periodic orbits 
of ipH are iterations of fixed points of <ph, and hence S(H* P ) = pS(H). Recall in 
this connection that <fH is assumed to have finitely many fixed points. Next, let us 
note that all sufficiently large prime numbers are admissible in the sense of [GG3]. 
Thus, under such iterations of H, the orbit x stays isolated, and 

HF(ff^,a; p ) = HF(£T,.t) 

up to a shift of degree determined by the order of iteration p; see [GG3, Theorem 
1.1]. In particular, in our case, HF^p, x p ) ^ since BF{H,x) ^ 0. 

Assume that Ah(x) > 0, for the argument is similar if Ah(x) < 0. Moreover, 
we can assume without loss of generality that Ah(x) = 0, which can be ensured by 
adding a constant to H. Consequently, Ah*iv(x p ) = for all iterations p. Let a > 
be outside S(H) such that is the only point in (—a, a) n S(H) and therefore in 
(-ap, ap) n S(H^). Then we have 

HF (-ap, ap) ( H frj = X P) ® . . . 5 (4.3) 

where the dots represent the local Floer homology contributions from the fixed 
points with zero action other than x. Furthermore, we henceforth focus on degrees 
* such that |*| > n. This guarantees that the fixed points with zero mean index 
do not contribute to RF ( - ap ' ap) (H^), for their local Floer homolo gy groups are 
supported in [— n, n], where the support is, by definition, the set of degrees for 
which the local Floer homology groups are non-zero. Thus all terms on the right 
hand side of (4.3) come from fixed points with non-zero mean index. Moreover, we 
can further restrict * so that only the fixed points 7 having the same mean index 
as a; contribute to the right hand side of (4.3). This is possible since the supports 
of local Floer homology groups coming from fixed points with other non-zero mean 
indices are separated from supp HF*(_ff t,p , x p ) C [pAh(x)— n, pAh(x)+ii] whenever 
p is sufficiently large. 
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From now on, we work with primes p > 2 which are as large as is needed above. 
Let us order these prime numbers as 2 < p\ < pi < . ■ ■■ In what follows, p, always 
denotes a prime from this sequence. 

Next, recall that A#(x) > and let m € N be such that m > n/ Ah{x). Then, 
using the fact that p,+ TO — Pi > 2m, we see that the supports of HF(iJ t,Pi , 7 Pi ) 
and HF^ft+m 

, 7 Pi+m ) are disjoint for all i and for all fixed points 7 of ipn with 
Ah{i) = and A 11(7) = Ah{x). This is because 

\piA H (x) - n, PiA H (x) + n] n [p i+r „A H -(a;) - n, p i+m A H (x) + n] = 0, 

where the first interval contains supp EF(H^ Pi ,j Pi ) and the second one contains 
suppHF(iJ t,Pi+m ,7 Pi+m ). Moreover, for any pi, there exists an integer Sj such that 
as is mentioned earlier and proved in [GG3]. Thus we see that 

HF Si (H* Pi , x^ ) ^ and HF Si (ii><+™ , Y z+m ) = (4.4) 

for all fixed points 7 as above, since s, is outside supp HF( J ff^+-, 7 P-+-) for all 
such 7. 

Let C = 3m||Q||s + ||/ m ||s m _ 1 and choose pi so large that pid > 6C(pi+ m —Pi). 
The latter is guaranteed by the fact that p i+1 — pi = o{p,); see [ ]. (Obviously, 
one can write Pi+ m — pi as a telescoping sum of the differences of two consecutive 
primes, and hence, by a simple inductive argument, pi+ m — pi — o(pi).) Now, pick 
a > such that 

-Pid < -a < -a + 2C(p i+m ~pi)<0<a<a + 2C(p i+m - pi) < Pid. 

For instance, a satisfying pia — 4C(p,;+ m — pi) < a < pia — 2C(p,+ m — pi) would 
work. As a consequence, we also have 

-Pi +m a < -a + C(p i+m - pi) < < a + C{p i+m - pi) < p i+m a. 

Set Si := C(pi+ m — pi). Then for a linear homotopy from H VPi to H^ Pi+m (see 
Theorem 3.4), by (4.2) and the energy conservation law for Q, we have the induced 
map 

Likewise, the linear homotopy map from H^ Pi+m to H^ Pi results in another action 
shift in 5i. Consider now the following commutative diagram: 



HF (-a,a)+<5 j (^bH+m) =0 




^ HFi7 Q ' Q) (if"**) s , HF (-a,a)+25 1 

Here the top group is zero due to our choice of the degree Sj. On the other hand, 

HF(- Q < q) (H* Pi ) = HF Si {H^' , x p * ) © . . . ^ 0, 

and the horizontal arrow is induced by the natural quotient-inclusion map; see, e.g. 
[Gil]. This is, indeed, an isomorphism by the stability of filtered Floor homology 
(see, e.g., [GG3]) because is the only action value in the intervals (—a, a) and 
(—a, a) + 25i. To summarize, a non-zero isomorphism factors through a zero group 
in the diagram. This contradiction completes the proof of Theorem 4.1. □ 
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Remark 4.2. Notice that we have actually established the existence of a simple 
periodic orbit of either H t,Pi or H* Pi+m . In particular, starting with a sufficiently 
large prime number, among every m consecutive primes, there exists at least one 
prime which is the period of a simple periodic orbit of tpu- 

Furthermore, for an infinite sequence of simple ^/-periodic orbits Xi of ifjj found 
this way, where pi oo, we have A H t, Pl (xi)/pi — > Ah{x). Hence, in some sense, 
the mean index Ah (x) is an accumulation point in the union of normalized index 
spectra for H and its all iterations. (Of course, Ah (x) could possibly be isolated, 
but then A h hpi {xi)/pi = A H (x).) 

4.2. Proof of Theorem 1.4. As has been pointed out in the introduction, we 
have a more general result in dimension two: 

Theorem 4.3. Let H : R 2 x S — > K be a Hamiltonian which is equal to a hyperbolic 
quadratic form at infinity. Assume that tpn has at least two isolated homologically 
non-trivial fixed points and Fix(<^#) is finite. Then tpn has simple periodic orbits 
of arbitrarily large period. 

Remark 4.4. A similar two-dimensional result holds when H is elliptic quadratic 
at infinity. (In fact, the requirement that the fixed points be homologically non- 
trivial is not needed in this case.) Indeed, since the Hamiltonian is elliptic outside 
a compact set, a sufficiently large sub- level will be invariant under the flow. Then 
Franks' theorem stating that an area-preserving map of the two-disk has either one 
or infinitely many periodic points, [Frf], implies the result. 

Remark 4.5. Using Theorem 4.3, we can also prove a weaker version of Franks' 
theorem on S 2 , asserting that a Hamiltonian diffcomorphism of S 2 with a hyperbolic 
fixed point must necessarily have infinitely many periodic orbits. However, the 
argument is somewhat involved, and we omit it since this result also follows from 
the main theorem of [GG5] and, as has been mentioned in the introduction, at least 
two other symplectic proofs of Franks' theorem are available, [BH, CKRTZ, Ke]. 

Proof of Theorem 4.3. Observe that if ipn has a homologically non-trivial fixed 
point with non-zero mean index, then the theorem follows from Theorem 4.1. So, 
let us assume that there are at least two isolated homologically non-trivial fixed 
points with zero mean index. Notice that all of these points cannot have non-zero 
local Floer homology concentrated in degree zero: HF*(if) = when * ^ and 
HFo(if) = %i- Thus ipn must have at least one fixed point with zero mean index 
and non-zero local Floor homology in degree ±1. Such an orbit is a symplcctically 
degenerate maximum, and its presence implies that ifu has simple periodic orbits 
of arbitrarily large prime period; see [GG1, GG3] and also [Gi2, He, Hi]. (Strictly 
speaking, the latter fact has been established only for (a broad class of) closed 
symplectic manifolds. However, since the Hamiltonian in our case is a compactly 
supported perturbation of a hyperbolic quadratic form on R 2n , having periodic 
orbits only within the support of the perturbation, the proof in the case of closed 
manifolds, for instance the one in [GG1], goes through word-for-word.) □ 

Proof of Theorem 1.4 in dimension four. Recall that the homology is concentrated 
in degree zero and HFo(-ff) = Z2. Hence one of the fixed points of ipn must have 
non-zero Conley-Zehnder index. By a straightforward index analysis, it is easy to 
see that, in dimension four, such an orbit must necessarily have non-zero mean 
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index. Finally, applying Theorem 4.1, we obtain the existence of simple periodic 
orbits with arbitrarily large prime period. □ 
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